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High resolution analysis via sparsity-inducing techniques:
spectral lines in colored noise

Lipeng Ning, Tryphon T. Georgiou and Allen Tannenbaum

Abstract— The impact of sparsity-inducing techniques in However, a more typical situation is when the noise is not
signal analysis has been recognized for over ten years now white and the process is shaped by unknown dynamics. In
and has been the key to a growing literature on the subject— ¢, cases the performance of traditional techniques is often

commonly referred to as compressive sensing. The purpose of . . . .
the present work is to explore such sparsity-inducing techniques severely degraded. Thus, our interest is in formulating this

in the context of system identification. More specifically we pParticular problem in the context of system identification
consider the problem of separating sinusoids in colored noise and utilize sparsity-inducing functionals to identify both a

while at the same time identifying the dynamics that generate sparse selection of sinusoids from a known “dictionary”
the wide-bandwidth noise-component. Our formalism relies together with dynamics that account for time-correlations

on modeling the data as a superposition of a few unknown . th idual si | Earll Ki t identificati
sinusoidal signals together with the output of an auto-regressive In the residual signal. Earlier work in system identification

filter which is driven by white noise. Naturally, since neither ~USINg compressive sensing techniques [4], [1], [17] focuses
the underlying dynamics nor any possible sinusoids present are mostly on identifying sparse parameter vectors.

known, the problem is ill-posed. We seek a sparse selection of

sinusoids which together with the auto-regressive component [l. SYSTEM DYNAMICS AND LINE SPECTRA

;ar; E'it(;%?gmrn:)ocir'f'?aet'o?]ati}s? :gdt, Egdth(i?n enfd,ng;{ing{gp?:e Consider a time seriefy;, : k € Z} which consists of a
la Ll,JDI\SSO/BasisI Ipurlsuit/etc.) F\)Nhi(lg Icanu glje?lergte Iadmissible small number of pure S|r_1USO|dS with additive colored nOISPT'
solutions-their sparsity being determined by tuning parameters, e model the colored noise as the output of an autoregressive
(AR) filter with white input. Pure sinusoids can be equally
well modeled as added to the input or the output of the
filter—the only difference being a relative scaling of their
The significance of sparsity, besides its mathematical coamplitude/phase. The former has the advantage of leading
venience and elegance, stems from Occam’s Razor and @ana convex formulation—thus, we consider the setting in
often be justified on physical grounds. Indeed, the notion @igure 1. Hereg,, is the periodic component and consists of
sparsity has in recent years created an alternative paradignstausoids of unknown frequency;. represents white noise,
the more traditional minimal-dimension paradigm which haand the two together form the input to the filter.
dominated system theory for the past fifty years. The search
for the sparsest solution to an under-determined set of equal-
ities/inequalities is in general daunting, and the emergence
of this new paradigm can be traced to the relatively recent
discovery that sparse solutions can be effectively computed
via suitable/;-optimization problems, e.g., see [3], [5], [6]
and the references therein. Applications abound, from image Fig. 1. Model for sinusoids in colored noise.
analysis to coding and signal decomposition. Our interest in
the present work is a particular system identification problem \we sek anrth-order AR-model based on a finite obser-
which can be dealt with using similar tools. vation record of{yx, k € Z}. The periodic component is
The problem of separating signals from their linear mixmodeled as a sparse linear mixture of columns taken from

tures is ubiquitous. It arises in radar, speech, imaging, andyasyitable “dictionary” matrixB. In our case this matrix is
host of other applications. In fact, some of the early work in, x 2 v and of the following form:

signal analysis going back to the middle part of the twentieth

century focused exclusively on separating sinusoids in white B := [Bsine; Beosinel,

noise. This is dealt with by a number of classical techniquegsine(& m) = sin(rlm/N), Beosine(£, m) = cos(wtm/N),
which have been continuously evolving (MUSIC, ESPRIT¢, o — 0,1,....n —1 andm = 1,2,...,N. Thus, the
etc., [18], [12], [13], [14]) as well as by recent ones usingerindic component is taken in the forBv. The entries of

the tools of compressive sensing [8], [9], [10], [11], [7].y are labeled according to whether they correspond to sines
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I. INTRODUCTION
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the parameters of the AR-filter. Our modeling equation
becomes

T
Ym = Zakymfk + T + W, M € Z,
k=1

or, over the available data-window,

(1a)

y=Ha+ Bv+w (1b)

wherew is the noise-vector,
Yy ‘= [?llvaa ceey yn]Ta and

Yo Y-
Y1 Yo

Y—r+1

Y—r42
H = .

Yn—1 Yn-2 Yn—r
For a given bound > 0 on the energy of the noise, we
are interested in determining

(a,v) = argmin {|[v]lo | [ly — Ha— Bv|jz <d}.  (2)

As usual, || - ||o denotes the number of nonzero entries
whereas|| - ||, denotes thep-th norm of a vector f €

{1, 2, o}). Evidently, (2) is computationally intractable for
large-size records. Thus, following the example of compres-
sive sensing, we consider minimization|pf||; instead. The
¢1-norm is in fact a convex relaxation df- ||o and several
powerful theorems provide conditions for the solution of the

Iivl,
o
5

Fig. 2. ||v]|1 vs. o

25

sparsity

Fig. 3. ||v]jo vs. o

25

corresponding/;-minimization to be the sparsest possible. Proposition 1: Let (a,v) be the minimizer of (4) and

In the sequel we follow precisely such a program. Thus, we
consider the following relaxation:

(a,v) = argmin{|[v| | |y — Ha — Bv[] <é}. (3)
It is standard that the minimizer in (3) is also
(a,v) = argmin {||v[, +olly — Ha— Bv|3} (4)

for a suitable value fos > 0 which depends on. Typically,
neitherd nor o are known and can be thought of as tuning
parameters that influence the sparsity of the solution.

1 _
Ocritical +— 5 ||B£TLYHL Hool

Proof: Problem (4) can be recast as

If o S Ocriticals then”VHO =0anda = (HTH)ilHTy‘ If
O > Ocriticals then ||VH0 7£ 0.

1
(a,v) = argmin {h||v|1 + 5Hy — Ha— Bv|§} (5)

for h = 1/20. The quadratic term can be written as

It is obvious that agr becomes large enough, the optimaIHy_Ha_BV”g = |y (y—Ha—Bv)|3+|H(y—Bv)|3.

pair (a,v) tends to the “least-squares” solution for whieh
is generally not sparse. At the other end, whesa 0T, we
obtain the trivial solution where the entrieswfare all zero.
It turns out that for intermediate values there iphase-like
transition in the optimal value fdfv||; and||v||o when these
change from being zero. This is shown in Figures 2-3. Whil8f
prior information on the level of noise may be helpful in
deciding the sparsity of, robust plateaus are typical before

guidance in choosing the proper weight. The exact value of
Oaitical Where the transition fromjlv]jp = 0 to ||v]jo = 1 v
can be computed from the data as follows. Define

Iy(y — Ha— Bv) =0.

a above we have that

Sincea is unconstrained, the optimal value ofsatisfies

Hencea = (HTH)~'HT(y — Bv). Substituting the value

. 1
V:argmln{h|v||1+§|yH¢ —BHJ_V|§}. (6)

transition into a higher value fdtv||o and can be used for Following [10],

= argmin{|| By V|3 | |Bus (yur — Buev)li < h,

for 0 <i<2N}.

()

My := HHTH)'HT,
Oy = I-Ty,

By. := TIIyB, and
YL = Hﬁy.

Thus, if h > || Bgrym:|leo, thenv =0. O

In the next section we attempt to quantify the reliability
and accuracy of estimates and motivate weighted optimiza-
tion by appealing to certain facts related to maximum like-
lihood estimation.
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[1l. WEIGHTED OPTIMIZATION AND MAXIMUM Thus, M is the maximal coherence between the entries of
LIKELIHOOD Byi.
Suppose that the frequencies of all sinusoidal componentsAS Will be elaborated in [16], the valueg; i =
of {y, k € Z} are known exactly and thaBs is a 1,2,...,2N relate to the spectrum of the input signal

(full column-rank) matrix formed out of the columns of & d|f1ferent frequencies and, in fact, the entriescf.=

B corresponding to these known frequencies. It turns ou&mv j =1,2,...,N] can be taken as a “pseudo
see [15], that the maximum likelihood estimation of thespectrum” (same shape but not necessarily the same integral).
parameters:, v in the model coincide with the solution of Proposition 3: Lety, H, @, B be as above, assume that

B is square, and assume that there exists a pajrao)
satisfying

This problem can be replicated in our earlier formalism via ly — Hag — Bvygll2 < dg

weighted optimization. More specifically, consider

(aML7VML) = argmin ”y - HaML - BSVMLH%' (8)

for somed, > 0. Consider

. 1
(a,v) = argmm{lWVIll +5ly — Ha~ BVII§} 9) v = argmin{||QVv||1 | |yme — Byevla <6}  (12)
with W = diag(wy, wa, . .., wan). Clearly, if w; = 0 for  for § > &o. If the sparsityS := [|vo < 25, then
any index corresponding to the columns Bf and large 9
. . . N 9 (60 + 6)
otherwise, the solution of these two problems coincide. Qv — vo)5 < T A A0S

Proposition 2: Lety, H, B be as above$S be the index .
set of the non-zero entries of,, , and letS° be its ~ For a proof see [16]. The above suggests thatlifis
complement. Define matriceBs and Bs. containing the chosen proportional t@), the error between in (9) andvy

corresponding columns a8 and define is small. In some situations, the exact recovery of the set
- . - S can also be guaranteed [16]. We may also consider how
Wiy pg) := [H Bs]([H Bs]" [H Bs])”"[H Bs] closea in (9) is toa,,, . Sincea = (HTH)'H” (y — Bv),
1 .
andlliy g =1 =M pe)- If a = (HTH)'H"(y— Bsv,, + Bsv,, — Bv)
w; =0 forieS = a,, +(H"H)"'H"(Bsv,, — Bv).
Ty7L . c
wi > [(Bse)" iz gyl foric 8% Denote byb; the ith column of B. It can be seen from the
then the solutions to (9) and (8) coincide. above thata —a, is insensitive to any difference_between
. . _ Bsv,,, — Bv corresponding to indices/frequencies where
Proof: The quadratic term in (9) is (HTH)='HTb, is small. Analyzing this further suggests
that this quantity is small at the stop-band of the AR-filter.
—Ha-Bv|3 = |l —~Ha-B ST T 2 o
Iy a vz ) ” [Hfs](y a SV82 Hence, error in identifying sinusoidal components within
—Bsevse)|ls + ”H[HBS](y — Bsevese)|la- the stop band of the filter will not affect significantly the
Since a, vs are unconstrained, the first term on the righfstimation of the filter dynamics.
hand side must be zero for the minimizer. Hence, The above propositions suggests that an effediff<the-

shelf choice forIV is @Q. In the next section, we follow up
Higps)(y — Ha— Bsvs — Bsevse) =0 (10) with an alternative approach which updaté$ iteratively
based on changes in the selection veestor

and
ve — argmin{|W5cch . %”H[LH 5oy — Bsovs. 3)}' | AV ITERAT-IVE RE-WEI(-BI-iTING. |
The idea of the following steps originate in [2]. In light of
As in the proof in Proposition 1, if the earlier discussion we begin by lettiff = Q. We then
solve (9) and updaté’ in a way that promotes selection
wi = |(BSC)TH[JHBS]Y|1' fori e S° of sinusoids at frequencies where tignal-to-noise ratio

(SNR) is large. The steps are as follows:

thenwvs. = 0. Finally, (10) is equivalent to
i) ChoseW! = Q with Q as in (11).

H[HBS](y — Ha — BS’US) =0.

L ) m — (K] (K] i
which implies that(a, vs) = (a,,, V) in (8). O i) Update W = diag{w;", ..., wyy} using

Obviously, in practiceS is unknown. Thus, below, we (b+1] K
suggest how this information may be sought in the data. i = %] k] ’
Denote |Usin,i| + |’Ucos,i| +7

. k k .
Q =diag{q1,q2,---,qn} (11) wgﬁvl} = wz[- H], i=1,..,N,

whereg?,i = 1,2, ...,n are the diagonal entries of the prod- for a choice ofr, K > 0. (Here,r is a “small” constant
uct B, By: and M = max;x; [(Q "B}, By Q1) | to prevent singularity of the above expression when

an
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the entries ofv are zero whereas( may be adjusted spectrum”q. The power at the location of the sinusoidal
according to the SNR.) components stands out.
iiiiy Terminate when||v!**+1 — ¢[¥l|, is sufficiently small.
For a terminal value for the vectar,

|Usin,i| + |Ucos7i| _ 1, |Usin.,i| + |Ucos,i| > T,
|'Usin,i| + |vcos,i| + 7 0, |vsin,i| + |’UCOS-,Z'| ~ 0.

Hence, [Wu|ly = (K x #signalg. On the other hand,
[vsini| + |veos,i| relates to the “local” SNR. Thus, it is
reasonable to assigh’ a value according to the smallest
anticipated/detected amplitude of the spectral lines as those
are reflected iNvsin i| + |vcos,i|- A Similar rationale, albeit

in a different setting, was suggested in [15].

is 2
frequency Ot

Fig. 6. "Pseudo spectrumy

We used a third order filter to model the noise-color and
the methodology of Section IV to obtain the spectral lines
shown in Figure 7. The estimated AR-filter parameters give

15 2
frequency 01t

Fig. 4. True line spectra (normalized)

5 2
frequency 01t

V. ILLUSTRATIVE EXAMPLES

We highlight the performance of the scheme in the previ-
ous section with an example. Consider= [Bgine, Bcosine)
as before and of sizé28 x 256. We generate data using an
AR-filter with transfer function

Fig. 7. Estimated line spectra (normalized)

1 ——unit circle

f(Z) = 08 O true poles
— 1.0%2 OZ — .4z = estimated poles
1—-1821+1.322—04z3

and unit variance white noise at the input along with three o
sinusoidal components at the following set of frequencies

{307/128, 707/128, 717 /128}.

The corresponding spectral lines and amplitudes are shown in
Figure 4. The periodogram is shown in Figure 5 underscoring

Fig. 8. Poles of true and estimated filters.
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the transfer function
. 1
1z) = 1—1.84362"1 + 1.42632~2 — 0.44652 3
as an approximate system model. Comparison of the poles

of the true and estimated filters is shown in Figure 8.
Both, the estimated system dynamics and the location of the
spectral lines are in excellent agreement with the simulation

parameters.
the relatively poor SNR in the generated data. The resolution

of the periodogram is insufficient to separate the sinusoids as
these are closer than the Fourier limit. Further the presence ofWe have cast the problem of separating sinusoids sig-
colored noise degrades the effectiveness of other traditionzdls in colored noise into a compressive sensing setting.
techniques [16]. It is interesting to compare with the “pseudPerformance guarantees have been obtained under suitable

Fig. 5. Periodogram of y

VI. CONCLUDING REMARKS
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assumptions on the “dictionary” matrix of possible sinusbida
components and insight into possible choices for weight-
ing/tuning parameters is provided. An iterative re-weighting
method is discussed. We have found this to be quite effective
in practice. Further analysis, both theoretical as well as
experimental is needed as the tools of compressive sensing
seems especially suited for this type of application.
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